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Abstract
In this paper, we have considered the g-essence and its particular cases, k-essence and
f-essence, within the framework of the Einstein-Cartan theory. We have shown that a single
fermionic field can give rise to the accelerated expansion within the Einstein-Cartan theory.
The exact analytical solution of the Einstein-Cartan-Dirac equations is found. This solution
describes the accelerated expansion of the Universe with the equation of state parameter
w = −1 as in the case of ΛCDM model.
Keywords: Einstein-Cartan gravity; G-essence; K-essence; F-essence.
1 Introduction
In the last decades, General Relativity has been extended in several directions in order to solve
some of the problems left open by Einstein’s theory in both the ultra-violet and the infra-red
regime. One of such extensions is the Einstein-Cartan theory. In particular, it was proposed that
the inflation period of our Universe could be described by the spin density which was present in
the primordial period of the Universe within the context of Einstein-Cartan gravity theory (see e.g.
[1]-[6] and references therein). Here we also would like to mention the paper [7] where was studied
exotic low density fermionic states in the two measures field theory. In this work we study the
dynamics of fermion fields within the framework of the Einstein-Cartan theory. For the f-essence
case we construct the simple but not trivial solutions of the models.
This work is organized as follows. In section 2 is presented the main properties of the Einstein-
Cartan theory. In the following section 3 we consider the g-essence for the Einstein-Cartan theory
case. The k-essence and the f-essence are presented in sections 3 and 4, respectively. The exact
solution of the Einstein-Cartan-Dirac equations is given in section 5. We present our conclusion
in section 6.
2 Formalism of the Einstein-Cartan gravity
In this section we briefly review the description of a fermion field coupled to the Einstein-Cartan
gravity theory (see e.g. [1]-[9]). In this case the affine connection Γρµν has the form
Γλνµ = Γ˜
λ
νµ +K
λ
νµ, (2.1)
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where Γ˜λνµ is the Cristoffel symbol and K
λ
νµ is the contortion tensor defined by
Kλνµ =
1
2
(
Cλνµ + C
λ
νµ + C
λ
µν
)
. (2.2)
Here the torsion tensor is given by
Cλµν = Γ
λ
µν − Γ
λ
νµ ≡ 2Γ
λ
[µν]. (2.3)
The tetrad eaµ is defined as:
gµν = e
a
µe
b
νηab, (2.4)
where ηab = diag(1,−1,−1,−1) is the Minkowski metric tensor. The tetrad e
a
µ satisfies the fol-
lowing tetrad condition
Dνe
aµ
≡ ∂νe
aµ + Γµρνe
aρ + ω abν e
µ
b = 0, (2.5)
where ω abν denotes the spin connection. The Riemann tensor is defined as:
Rabµν = ∂µω
ab
ν − ∂νω
ab
µ + ω
ac
µ ω
b
νc − ω
ac
ν ω
b
µc , (2.6)
and the the Ricci tensor is given by
Rµν = e
σ
aebνR
ab
σµ. (2.7)
Here
ω abµ = ω˜
ab
µ +K
ab
µ, (2.8)
where
ω˜ abµ =
eaρ
2
(∂µe
b
ρ − ∂ρe
b
µ)−
ebρ
2
(∂µe
a
ρ − ∂ρe
a
µ) +
eaρ
2
(∂σe
c
ρ − ∂ρe
c
σ)e
bσecµ. (2.9)
Note that
Rµν = R˜µν + ∇˜λK
λ
µν − ∇˜νK
λ
µλ +K
λ
θλK
θ
µν −K
λ
θνK
θ
µλ, (2.10)
where the R˜µν and ∇˜λ are the Ricci tensor and the covariant derivative referred to the Cristoffel
symbol Γ˜λνµ, respectively. In this paper, we use the following representations for the Dirac matrices
γ0 =
(
I 0
0 −I
)
, γm =
(
0 σm
−σm 0
)
, (2.11)
where I = diag(1, 1).
3 G-essence
Here we consider the Einstein-Cartan gravity with the g-essence Lagrangian. Its action reads as
S =
∫
d4xe
[
−
1
16πG
eµae
ν
bR
ab
µν +K(X,Y, φ, ψ, ψ¯)
]
, (3.1)
where e = det(eµa) and G is the gravitational constant. For simplicity, we assume that the La-
grangian of the G-fields has the form
K = α1X + α2X
n + α3V1(φ) + Y −mu− V2(ψ¯, ψ), (3.2)
where αj , βj are some real constants, u = ψ¯ψ and
X = 0.5gµν∇µφ∇νφ, Y = 0.5i(ψ¯γ
µDµψ − D¯µψ¯γ
µψ) (3.3)
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are the canonical kinetic terms, ∇µ is the covariant derivative associated with metric gµν . For the
Friedmann-Robertson-Walker metric
ds2 = dt2 − a2(t)dx2, (3.4)
the equations of the model have the form
3H2 − 8πGρ = 0, (3.5)
2H˙ + 3H2 + 8πGp = 0, (3.6)
φ¨+ [3H + (ln (α1 + α2nX
n−1))t]φ˙−
α3V1φ
α1 + α2nXn−1
= 0, (3.7)
ψ˙ + 1.5Hψ + imγ0ψ + iγ0
dV2
dψ¯
− 3πGiγ0(ψ¯γ5γ
iψ)(γ5γiψ) = 0, (3.8)
˙¯ψ + 1.5Hψ¯ − imψ¯γ0 − i
dV2
dψ
γ0 + 3πGi(ψ¯γ5γ
iψ)(ψ¯γ5γi)γ
0 = 0, (3.9)
ρ˙+ 3H(ρ+ p) = 0. (3.10)
Here the total energy density ρ and the pressure p of the sources are given by
ρ = α1X + α2(2n− 1)X
n
− α3V1 +mψ¯ψ + V2 −
3πG
2
σ2, (3.11)
p = α1X + α2X
n + α3V1 +
ψ¯
2
dV2
dψ¯
+
dV2
dψ¯
ψ
2
− V2 −
3πG
2
σ2. (3.12)
The seach for exact solutions of the coupled system of differential equations (3.5)-(3.10) is a very
hard job. So we omit this case (see e.g. [30]-[17] for General Relativity case).
4 K-essence
If in the action (3.1) we set
K = K1(X,φ), (4.1)
then we get the following action for the k-essence scalar field φ minimally coupled to the gravita-
tional field gµν [18]-[32]
S =
∫
d4xe
[
−
1
16πG
eµae
ν
bR
ab
µν +K1(X,φ)
]
. (4.2)
5 F-essence
The action of the f-essence we write as [30]
S =
∫
d4xe
[
−
1
16πG
eµae
ν
bR
ab
µν +K2(Y, ψ, ψ¯)
]
. (5.1)
In this section we consider the case [1]-[6]
K2 = Y −mu− V2(ψ¯, ψ), (5.2)
where ψ and ψ = ψ†γ0 denote the spinor field and its adjoint, respectively, m is the fermion mass
and V its potential of self-interaction, u = ψ¯ψ. The covariant derivatives Dµψ and Dµψ¯ are given
in terms of the spin connection ω abµ by
Dµψ = ∂µψ +
1
8
ω abµ [γa, γb]ψ, D¯µψ = ∂µψ −
1
8
ω abµ ψ [γa, γb] . (5.3)
3
The field equations are obtained from the action (5.1) as follows. The variations of the action
(5.1) with respect to the tetrad, ψ, ψ¯ and the spin connection imply the following equations,
respectively, (see e.g. [1]-[6])
Rµν −
1
2
Rgµν − 8πGTµν = 0, (5.4)
iγµDµψ −mψ −
dV2
dψ¯
= 0, (5.5)
iD¯µψ¯γ
µ +mψ¯ +
dV2
dψ
= 0, (5.6)
C
µ
κλ + 4πGǫabcde
a
λe
b
κe
cµ(ψ¯γ5γ
dψ) = 0, (5.7)
where ǫabcd is the Levi-Civita tensor, C
µ
κλ is the torsion tensor, the energy-momentum tensor is
given by
Tµν =
i
2
(ψ¯γνDµψ −Dµψ¯γνψ)− Lgµν . (5.8)
Note that the corresponding contortion tensor is given by
Kλνµ = −2πGǫabcde
a
µe
b
νe
cλ(ψ¯γ5γ
dψ). (5.9)
We now consider the Einstein-Cartan gravity with the spinor field in a homogeneous and
isotropic Universe described by the spatially flat FRW metric (3.4). Then the equations of the
model take the form [1]-[6]
3H2 − 8πGρ = 0, (5.10)
2H˙ + 3H2 + 8πGp = 0, (5.11)
ψ˙ + 1.5Hψ + imγ0ψ + iγ0
dV2
dψ¯
− 3πGiγ0(ψ¯γ5γ
iψ)(γ5γiψ) = 0, (5.12)
˙¯ψ + 1.5Hψ¯ − imψ¯γ0 − i
dV2
dψ
γ0 + 3πGi(ψ¯γ5γ
iψ)(ψ¯γ5γi)γ
0 = 0, (5.13)
ρ˙+ 3H(ρ+ p) = 0, (5.14)
where
ρ = mu+ V2 −
3πG
2
σ2, p =
ψ¯
2
dV2
dψ¯
+
dV2
dψ¯
ψ
2
− V2 −
3πG
2
σ2, σ2 = (ψ¯γ5γdψ)
2. (5.15)
Using the methods e.g. of [23]-[29], let us now construct the solution of this system for simplicity
assuming
ψ =


ψ0
0
ψ2
0

 . (5.16)
Then its simplest but not trivial solution has the form
a = e
√√√√8πG
3
V0 t+A
, (5.17)
ψ0 = K0e
iκ−√6piGV0 t−A, (5.18)
ψ2 = K2e
iκ−√6piGV0 t−A, (5.19)
where A,Kj , V0, κ are some real constants. The corresponding potential is given by
V2 = V0 −mu−
3πG
2
u2. (5.20)
Note that for this solution the density of energy and the pressure take the form
ρ = V0, p = −V0 (5.21)
so that the equation of state parameter is w = −1.
4
6 Conclusions
In this paper, we have considered the g-essence and its particular cases k-essence and f-essence
for the Einstein-Cartan gravity theory case. We have shown that a single fermionic field can give
rise to the accelerated expansion within the Einstein-Cartan theory. The simplest solution of the
Einstein-Cartan-Dirac equations is found. This solution describes the accelerated expansion of the
Universe with the equation of state parameter w = −1.
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